Using the four best measured moduli of the flavor mixing matrix (|V ud |, |V us |, |V cd |, |V cs |), the Jarlskog invariant J(V ), and the quark masses at M Z energy scale as experimental constraints, a statistical comparison of three different types of quark mass matrices in the physical basis is performed. The mass matrices in question are the Chaturvedi-Gupta-Sánchez-Colón (CGS), the Fritzsch and the Gupta-Rajpoot types. With nine parameters the best fits are obtained using a Gupta-Rajpoot type matrix while with seven parameters the best fits are obtained using the CGS type matrix. The stability of our analysis with respect to evolution of the quark masses is also presented.
I. INTRODUCTION
An important aspect of the standard model is the understanding of the structure of quark mass matrices that adequately describe the observed quark flavor mixing. The hope is that such studies will unravel the underlying symmetries responsible for the required texture in such mass matrices. Deviations form the symmetries will provide important constraints on possible new physics beyond the standard model.
In general, the 3×3 hermitian quark mass matrices M u and M d have nine real parameters each. These determine the six quark masses and the four independent real parameters in the quark mixing matrix V . Unfortunately, up to now one has no guiding principle for choosing M u and M d with fewer parameters. Recently [1, 2] , constraints on three type of quark mass matrices were obtained using the experimentally determined values of the quark masses and measured properties of the mixing matrix V . In this paper we extend the analysis of Refs. [1, 2] to a different choice of mass matrices in the physical basis, namely, Fritzsch [3] [4] [5] , Gupta-Rajpoot [6, 7] , and CGS [1, 2] .
Fritzsch [3] [4] [5] suggested use of M u and M d with three textures (viz. M 11 = M 22 = M 13 = 0). In this case, each quark mass matrix has five real parameters in general. The Gupta-Rajpoot [6, 7] mass matrix is similar to the Fritzsch type with one less texture, namely M 22 = 0. Each Gupta-Rajpoot type of mass matrix has six real parameters in general. Lastly, we consider the CGS [1, 2] type matrix suggested recently. This has only two textures, M 11 = M 22 = 0. For M 13 = 0 this reduces to the Fritzsch type matrix. CGS type matrix has the virtue that it will give CP-violation in all the three bases (physical, Section II gives notation and basic formulas or expressions needed and the general procedure adopted for the analysis. Confrontation with experimental data for each type of matrices is presented in Secs. III, IV, and V, were we consider in the physical basis the Fritzsch, the Gupta-Rajpoot, and the CGS types of mass matrices, respectively. Results obtained for the various cases are compared and discussed in the final Sec. VI.
II. NOTATION AND BASIC FORMULAS
The 3 × 3 hermitian quark mass matrix M q is diagonalized by V q so that M q = V † qM q V q , q=u,d. The eigenvalues are denoted by (λ u ,λ c ,λ t ) and (λ d ,λ s ,λ b ) for the up and down quark mass matrices, respectively. Note that the eigenvalues are real but not necessarily positive. Each mass matrix can be expressed in terms of its projectors. Thus,
Since
where
and
with (α,β,γ) and (j,k,l) any permutation of (u,c,t) and (d,s,b), respectively. By unitarity only four of the nine |V α j | 2 are independent. The Jarlskog invariant J(V ), which is a measure of CP-violation can be directly expressed in terms of M u and M d and their eigenvalues [9] , thus
For a given choice of the mass matrices texture, most of the elements of the quark mass matrices can be expressed in terms of the mass eigenvalues (the free parameters) using the characteristic equations for M u and M d and others have to be considered as supplemental free parameters. We perform a χ 2 analysis with a single χ 2 function formed by eleven constraints [10] |V , the eigenvalues of the quark mass matrices at a specified energy scale [11] . This function is
This is an over constrained system of restrictions for the free parameters λ q (q=u,c,t,d,s,b) and the supplemental free parameters for each texture if it is the case.
The numerical values [10, 11] of the eleven experimental constraints used (the six quark masses, the four moduli from the mixing matrix (|V ud |, etc.), and J(V )) are given in Table I for easy reference.
III. FRITZSCH TYPE MASS MATRICES
Fritzsch type mass matrices [3] [4] [5] are given by the hermitian matrices
Without lack of generality we can take C and C ′ to be positive and A and B to be real and positive. Then, M u and M d have eight real parameters A, B, C, C ′ , |A ′ |, |B ′ | and the phases φ A ′ and φ B ′ . This type of of mass matrices can only be used in the physical basis because an off-diagonal matrix element is zero.
From the characteristic polynomial of M u and M d the six parameters A, B, C, C ′ , |A ′ |, and |B ′ | are expressed in terms of the eigenvalues
and similarly for M d . The parameters |A ′ |, |B ′ |, and C ′ are obtained by replacing (A,B,C) (2) , the theoretical expressions for the magnitudes of the unitary quark mixing matrix elements in this case are given by
where (α,β,γ) is any permutation of (u,c,t) and (j,k,l) any permutation of (d,s,b). In this case, the theoretical expression for the Jarslkog invariant J(V ) given by Eq. (5) translates into
The mass matrices M u and M d in Eq. (7) do not have positive definite eigenvalues. Thus, λ 
For this texture there are eight free parameters to be estimated, the six eigenvalues (λ u ,λ c ,λ t ) and (λ d ,λ s ,λ b ), and the two phases φ A ′ and φ B ′ . The number of degrees of freedom is three (eleven constraints with eight free parameters). At the M Z energy scale the It is interesting to note that the last fit was obtained with only six real parameters because M u is real and in M d , B
′ and C ′ are real and A ′ is pure imaginary.
IV. GUPTA-RAJPOOT TYPE MASS MATRICES
For the three families of quarks the Gupta-Rajpoot mass matrices are of the form [6, 7] 
In their general form, these matrices have been extensively studied in the literature for both quarks mixing and lepton mixing [12] . Without lack of generality we can make M u to be real and positive. 
where (α,β,γ) is any permutation of (u,c,t) and (j,k,l) any permutation of (d,s,b). The theoretical expression for the observable Jarslkog invariant J(V ) for this case is obtained from Eq. (5),
To reduce the number of free parameters to nine we shall take |D ′ | = 0. As mentioned before, λ
, etc., and we need a solution with the mass hierarchies |λ u | << |λ c | << |λ t | for the up quark sector and |λ d | << |λ s | << |λ b | for the down one. In this case the relative signs between the λ's and the quark masses can not be fixed a priori and all the possible combinations coming from the two signs in front of each of the quark masses were explored in the χ 2 analysis. The result of this exploration is that the best fit for the Gupta-Rajpoot case is obtained for the identification, Eq. (11), of the relative signs between λ's and m's.
For this texture, the nine free parameters estimated were the six eigenvalues (λ u ,λ c ,λ t ) and 
V. CGS TYPE MASS MATRICES
CGS-type hermitian mass matrix was considered first in Refs. [1, 2] and is given by
For d = 0 this reduces to the Fritzsch type. This mass matrix has the virtue that it will give CP-violation in all the three bases because Im(
To reduce the number of parameters to four we can take a, b, and c to be real and with d as pure imaginary.
In the up (down) quark diagonal basis M = M d (M u ) there are seven parameters, 4 in M and 3 masses in the diagonal mass matrix.
In the physical basis with the CGS-type mass matrix it is enough to consider the case where M u is Fritzsch-type while M d is CGS-type [1, 2]
All the matrix elements are taken to be real and positive, so we have seven real parameters. This is a small (but important) variation of Eq. (7) above. 
where b 2 = β 2 + |δ| 2 and δ = iη δ |δ| (η δ = ±1) is pure imaginary. This gives,
The conditions which make Y a unitary matrix ensures M ′ u and M u have the same eigenval- (18)) in this analysis.
From the characteristic polynomial of M u and M d we can solve for the matrix elements in terms of the corresponding eigenvalues and |d ′ |,
From Eq. (2), the theoretical expressions for the observables the magnitudes of the unitary quark mixing matrix elements in this case are
where (α,β,γ) is any permutation of (u,c,t) and (j,k,l) any permutation of (d,s,b). The theoretical expression for the Jarslkog invariant J(V ) given by Eq. (5) translates into,
As in the Fritzsch case it is possible to fix the relative signs between the eigenvalues and the quark masses using the quark mass hierarchies and the characteristic equations, Eqs. (21) 
VI. CONCLUSIONS AND DISCUSSION OF RESULTS
The results for the fits for all quark masses and matrix elements at the energy scale of M Z are summarized in column M Z of Table II . As can be seen, with 9 parameters the best fits are obtained using a Gupta-Rajpoot type matrix, as expected. However, fixing φ A ′ = −π/2 and φ B ′ = 0 (as suggested by the free fits) in the Fritzsch case, reducing the number of parameters to only 6, gives a comparable χ 2 /dof than fixing φ A ′ = −π/2 and φ B ′ = 0 (also suggested by the free fits and reducing the number of parameters to 7) in the Gupta-Rajpoot case. With 7 parameters the best ratio χ 2 /dof is obtained using a CGS type matrix. The stability of this type of analysis with respect to evolution of the quark masses is important, in column 2 GeV of Table II we summarize the results for the different cases at 2 GeV scale. As can be seen, the results for χ 2 /dof are very similar to results at M Z scale. A simple way to understand this is to note that if all quark masses are scaled by a common factor then the algebraic expressions for the dimensionless numbers J(V ) and the moduli |V αj | (α=u, c, j=d, s) will be unaffected. As can be seen from Table I, the ratio m q (2 GeV)/m q (M Z ) = 1.71 − 1.74, for q=u, d, s, c, b, while it is 1.85 for q=t.
Finally, column PDG of Table II gives the results for the different cases for quark masses at different scales (the PDG convention) given in column PDG of Table I . Again, the results are similar and choice of CGS mass matrices is favored. Note that masses of the heavier quarks (notable m t ) are very different. This would suggest that the role of the small masses (since they evolve slowly) is possibly more important.
In conclusion, we advocate the use of mass matrices which can be used in all the three bases. [11] . Column 4 gives masses given in Ref. [10] : m u , m d and m s are at 2 GeV, m c at m c , m b at m b and m t by direct observation. Note that u, d, and s masses are in MeV while those of c, b, and t are in GeV. The experimentally observed values [10] of the four best measured magnitudes of the quark mixing matrix elements and the Jarlskog invariant are displayed in the second part of the 
